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Abstract
Using symplectic methods and the Wigner formalism we prove a
refinement of a criterion due to Werner and Wolf for the separability of
bipartite Gaussian mixed states in an arbitrary number of dimensions.
We use our result to show that one can characterize separability by
comparing these states with separable pure Gaussian states.
Let ρ̂ be the density matrix of a Gaussian bipartite mixed quantum state
on Hilbert space L2(Rn) = L2(RnA)⊗L2(RnB); we write z = zA⊕ zB where
zA = (xA, pA) and zB = (xB , pB). We write JAB = JA⊕JB where JA (resp.
JB) is the standard symplectic matrix on R
2nA (resp. R2nB). Let
ρ(z) =
(
1
2pi
)n
(detΣ)−1/2e−
1
2
Σ−1z·z (1)
be the Wigner distribution of ρ̂; the covariance matrix Σ satisfies the quan-
tum condition
Σ +
i~
2
JAB ≥ 0. (2)
Elaborating on previous work [6, 7, 8, 10] Werner and Wolf [11] have shown
that a Gaussian state with Wigner distribution (1) is separable if and only
there exist positive symmetric matrices ΣA and ΣB such that
Σ ≥ Σ.A ⊕ ΣB , ΣA + i~
2
JA ≥ 0 , ΣB + i~
2
JB ≥ 0. (3)
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Lami et al. [9] have recently shown that (3) is equivalent to the condition
Σ ≥ ΣA ⊕ i~
2
JB . (4)
We have the following refinement of (3):
Theorem 1 The Gaussian bipartite state ρ̂ is separable if and only if there
exist positive definite symplectic matrices PA and PB such that
Σ ≥ ~
2
[PA ⊕ PB ] . (5)
Proof. Define SA ∈ Sp(nA) and SB ∈ Sp(nB) by PA = (STASA)−1 and
PB = (S
T
ASB)
−1. Let us show that the condition
Σ ≥ ~
2
[
(STASA)
−1 ⊕ (STBSB)−1
]
is sufficient. The matrices ΣA =
~
2 (S
T
ASA)
−1and ΣB =
~
2 (S
T
BSB)
−1 are quan-
tum covariance matrices: for instance the condition ~2 (S
T
ASA)
−1 + i~2 JA ≥ 0
is equivalent to IA + iJA ≥ 0 which is trivially satisfied. It follows from
(3) that ρ̂ is separable. The inequality (5) is also necessary: the condition
ΣA+
i~
2 JA ≥ 0 in (3) implies that the symplectic capacity of the the covari-
ance ellipsoid ΩA = {zA : 12ΣAzA · zA ≤ 1} is at least pi~; it follows [1, 2, 5]
that ΩA contains a quantum blob [3], that is, there exists SA ∈ Sp(nA) such
that S−1A B
2nA(
√
~) ⊂ ΩA where B2nA(
√
~) is the centered ball in R2nA with
radius
√
~. We must thus have ΣA ≥ ~2 (STASA)−1. Similarly there exists
SB ∈ Sp(nA) such that ΣB ≥ ~2 (STBSB)−1 and hence the inequality (5) must
hold.
The result above is an improvement of the Werner–Wolf result: in order
to determine whether a Gaussian state is separable the latter require that one
determines real symmetric matrices ΣA and ΣB satisfying the inequalities
(3) while we only require that one finds two positive definite symplectic
matrices PA and PB satisfying (5).
Suppose we have equality in (5). Then the state ρ̂ is a pure state, in fact
the tensor product Ŝ−1A φA ⊗ Ŝ−1B φB where
φA(xA) = (pi~)
−nA/4e−|xA|
2/2~
φB(xB) = (pi~)
−nB/4e−|xB |
2/2~
2
are the standard coherent states on RnA and RnB , and ŜA ∈ Mp(nA) (resp.
ŜB ∈ Mp(nB)) is anyone of the two metaplectic operators covering SA (resp.
SB). In fact, the Wigner distribution (1) becomes in this case
ρ(z) = (pi~)−ne−
1
~
(ST
A
SAzA·zA+S
T
B
SBzB·zB)
=WAφA(SAzA)WBφB(SBzB)
where WAφA is the Wigner transform of and WBφB that of φB (similarly
defined). It follows from the symplectic covariance property [4] of theWigner
transform that
WAφA(SA·) =WA(Ŝ−1A φA) , WBφB(SB ·) =WA(Ŝ−1B φB)
hence ρ(z) is the Wigner transform of Ŝ−1A φA ⊗ Ŝ−1B φB . The converse of
this property is trivial. Notice that the states Ŝ−1A φA and Ŝ
−1
B φB are easily
calculated [1, 4]: they are explicitly given by
Ŝ−1A φA(xA) = (pi~)
−nA/4(detXA)
1/4e−
1
2~
(XA+iYA)xA·xA
Ŝ−1B φB(xB) = (pi~)
−nB/4(detXB)
1/4e−
1
2~
(XB+iYB)xB ·xB
where the real symmetric matrices XA > 0, XB > 0 and YA, YB are obtained
by solving the identities
STASA =
(
XA + YAX
−1
A YA YAX
−1
A
X−1A YA X
−1
A
)
STBSB =
(
XB + YBX
−1
B YB YBX
−1
B
X−1B YB X
−1
B
)
.
More generally Proposition 1 implies that ρ̂ is separable if and only if it
dominates a tensor product of two pure Gaussian states:
Corollary 2 The Gaussian bipartite state ρ̂ is separable if and only if there
exist SA ∈ Sp(nA) and SB ∈ Sp(nB) such that SAB = SA ⊕ SB satisfies
ρ(S−1ABz) ≥ µ(ρ̂)WAφA(zA)WBφB(zB). (6)
where φA (resp. φB) is the standard Gaussian and
µ(ρ̂) =
(
~
2
)n
(detΣ)−1/2
is the purity of ρ̂.
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Proof. In view of Proposition 1 ρ̂ is separable if and only if condition (5)
Σ ≥ ~
2
[
(STASA)
−1 ⊕ (STBSB)−1
]
(7)
holds for some SA ∈ Sp(nA) and SB ∈ Sp(nB). Suppose it is the case; by
definition (1) of ρ we then have
ρ(z) ≥ (2pi)−n(det Σ)−1/2∞e− 1~STASAzA·zAe− 1~STBSBzB ·zB).
We have [1, 4]
WAφA(S
−1
A zA) = (pi~)
−nAe−
1
~
|zA|
2
WBφB(S
−1
B zB) = (pi~)
−nBe−
1
~
|zB|
2
and hence
ρ(z) ≥
(
~
2
)n
(detΣ)−1/2WAφA(S
−1
A zA)WBφB(S
−1
B zB) (8)
which shows that (6) must hold if the state ρ̂ is separable. Suppose con-
versely that this inequality holds. Then we must have
e−
1
2
Σ−1z·z ≤ e− 1~STASAzA·zAe− 1~STBSBzB·zB)
which is equivalent to our condition (5).
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